Let K be a regular convex cone in R n and F(x) its universal barrier function. 
Introduction
Interior point methods have occupied a prominent place in continuous optimization ever since Karmarkar 7] introduced his polynomial{time projective algorithm for linear programming in 1984. Although much of the early activities has been in linear programming and monotone linear complementarity problems, Nesterov and Nemirovskii 11] have successfully developed a theory of interior point methods for general nonlinear convex programming problems and monotone variational inequalities. One of the key ideas of this theory is the notion of a self{concordant barrier function for a convex set.
We recall some relevant concepts from 11] . Let ; (1) jDF ( Let K R n be a regular cone, that is, a convex cone containing no lines and having a non{empty interior. (There is no essential loss of generality in restricting attention to regular cones.) A function F is called a #{logarithmically homogeneous barrier for K if it is a barrier function for K and satis es the property F(tx) = F(x) ? # log t; (3) that is, the function '(x) = e F(x) is ?# homogeneous: '(tx) = '(x)=t # . The function F is called a #{normal barrier for K if it is #{logarithmically homogeneous. We note that (3) implies (2). Nesterov and Nemirovskii 11], Proposition 5.1.4, show that any self{concordant barrier function on a convex set with non{empty interior can be extended to a logarithmically homogeneous self{concordant barrier function on the cone tted to Q (conic hull in the terminology of 11]).
One of the most important theoretical results in Nesterov and Nemirovskii 11] is the existence of a self{concordant barrier, called the universal barrier function, for any open convex set Q R n . This function is logarithmically homogeneous if Q is a regular cone.
Nesterov and Nemirovskii de ne the universal barrier function for Q as F(x) = log u(x); u(x) = vol n (Q (x)) = jQ (x)j; where vol n stands for the n{dimensional Lebesgue measure, and Q (x) is the polar set of Q centered at x, that is, Q (x) = \ z2Q fy 2 R n : hz ? x; yi 1g:
We will use a somewhat di erent representation of the universal barrier function. It is shown in 4] that the universal barrier can be written (up to an additive constant) as the logarithm of the characteristic function ' K(Q) of the cone K(Q) tted to Q
e ?hx;yi dy; (4) where K(Q) = \ x2K(Q) fy : hx; yi 0g is the dual cone of K(Q). The same formula (4) holds true if K R n is a regular cone.
Thus, for such a cone we have F(x) = const + log '(x) = const + log Z K e ?hx;yi dy:
In this paper we will, without loss of any generality, restrict our attention to regular cones and their universal barrier functions.
The existence of the universal barrier function is an important result since it implies that one can, in theory, design an interior point method to solve any convex programming problem in polynomial time. However, if one uses only the de ning properties of the self{concordant barrier functions, namely the inequalities (1) and (2), then the resulting interior point methods are short{step methods that are not likely to be e cient in practice. There have been recent e orts to obtain more e cient long{step interior methods for special cones/barriers, see 13], 14], 12], and 5].
In this paper, we proceed towards the same goal, but in a di erent direction. We show that the universal barrier function for any regular cone enjoys properties that may play a role towards designing long{step interior point methods. Our main result, Theorem 4.1, states that for every m 3 there exists a constant c(m) > 0 that depends only on m such that jD m F(x) h; h; : :
(5) If m = 3, this is just the self{concordance inequality (1). Our strategy to proving (5) is similar to the one in Nesterov and Nemirovskii 11] in that we rst try to express the derivatives D m F(x) h; : : :; h] in terms of the mean value and central moments of a suitable random variable, and then try to obtain inequalities between di erent central moments. However, our method of obtaining these moment inequalities di ers from the one in 11]. Essentially, we replace the most di cult parts of the proof of Theorem 2.5.1 For m = 4, the inequality (5) has been used in 6] to in a line search procedure to minimize a logarithmic barrier function along a given direction. Also, the inequality jD m F(x) h; h; : : :
is used in 12] to devise some long step interior point methods. We note that any universal barrier satis es (6), since
K;x ; (7) where the rst inequality follows from (5) (6) is scale invariant.
The paper is organized as follows. In Section 2, we state and describe a powerful recent result of Bourgain concerning the behavior of polynomials on convex bodies. In Section 3, we evaluate the directional derivatives of the universal barrier function in a form suitable to prove (5) . This section may be skipped at a rst reading except for the statement of Lemma 3.1. In Section 4, we prove our main result (5).
Bourgain's Theorem
The following important result of Bourgain 1] in Geometric Functional Analysis will be very useful for us. 
Directional Derivatives of the Universal Barrier Function
Let K R n be a regular cone. Fix a point x 2 K 0 , and a direction h 2 R n . De ne g(t) = '(x + th), and consider the function h(t) := F(x + th) = log '(x + th) = log g(t) = f(g(t)); where f(s) = log s:
In this section, we will obtain expressions for the derivatives h (k) (t), k 1, that will be useful for proving our main result (5 
and n] j := n(n + 1) (n + j ? 1):
Proof. Proof. The crucial ingredient of the proof is the fact that each term k is coupled with the term n] k . Expanding the products of the terms c k in equation (9) 
